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SOME GEOMETRIC RELATIONS FOR EQUIPOTENTIAL CURVES
YAJUN ZHOU
ABSTRACT. Let U(r), r ∈ Ω ⊂ R2 be a harmonic function that solves an exterior Dirichlet problem. If
all the level sets of U(r), r ∈Ω are smooth Jordan curves, then there are several geometric inequalities that
correlate the curvature κ(r) with the magnitude of gradient |∇U(r)| on each level set (“equipotential curve”).
One of such inequalities is 〈[κ(r)−〈κ(r)〉][|∇U(r)| − 〈|∇U(r)|〉]〉 ≥ 0, where 〈·〉 denotes average over a level
set, weighted by the arc length of the Jordan curve. We prove such a geometric inequality by constructing
an entropy for each level set U(r) = ϕ, and showing that such an entropy is convex in ϕ. The geometric
inequality for κ(r) and |∇U(r)| then follows from convexity and monotonicity of our entropy formula. A
few other geometric relations for equipotential curves are also built on a convexity argument.
1. INTRODUCTION
1.1. Background and motivations. Consider a non-constant harmonic function U(r) that satisfies the
Laplace equation
∇2U(r) = 0, r ∈Ω ⊂ R2 (1.1)
in an unbounded domain Ω whose boundary ∂Ω is a smooth Jordan curve. We may further impose a
Dirichlet boundary condition thatU(r), r ∈ ∂Ω remains a constant. (By the Riemann mapping theorem in
complex analysis, we can deduce from this boundary condition that all the level sets of U(r), r ∈Ω ⊂ R2
are smooth Jordan curves, and |∇U(r)| 6= 0, r ∈Ω∪∂Ω.) The total flux across the level set ∂Ω is prescribed
as
−
∮
∂Ω
n · ∇U(r)d s = Φ > 0, (1.2)
where n denotes outward unit normal vector. (This is also the total flux across every level set of U(r), r ∈
Ω ⊂ R2, according to the Laplace equation and Green’s theorem.) As |r| goes to infinity, we have the
following asymptotic behavior:
U(r) ∼ − Φ
2pi
log
2pi|r|
L∂Ω
, (1.3)
where L∂Ω =
∮
∂Ω d s denotes circumference of the boundary.
Such a 2-dimensional exterior Dirichlet problem (“2-exD” hereafter) is found in at least three different
physical contexts: electrostatic equilibrium [8], Hele-Shaw flow [7, 18], and diffusion-limited aggrega-
tion [10, 21, 20] (see Table I for details). According to electricians’ folklore (Fig. 1), the magnitude
E(r) = |E(r)| of the static electric field E(r) = −∇U(r) is large around sharp points (with high curvatures)
at the air-metal interface ∂Ω. Witten and Sander [20, §II.A, p. 27] have used this folklore to explain the
dendritic morphology in stochastic growth processes, by an analogy between electrostatic equilibrium
and diffusion-limited aggregation.
In all these 2-exD problems, the overall shape of a level set affects the gradient ∇U(r) thereupon in a
non-local manner: it is technically incorrect to say that a large local curvature causes a large local value
of |∇U(r)|. Instead of seeking a pointwise causation that ties curvature to gradient, we will look for
Date: September 4, 2020.
Keywords: harmonic function, level sets, curvature, diffusion limited aggregation
MSC 2010: 31A05, 53A04, 82C24
* This research was supported in part by the AppliedMathematics Programwithin the Department of Energy (DOE) Office
of Advanced Scientific Computing Research (ASCR) as part of the Collaboratory on Mathematics for Mesoscopic Modeling
of Materials (CM4).
1
2 YAJUN ZHOU
TABLE I. Various examples of exterior Dirichlet problems for harmonic functions in R2
Electrostatic equilibrium Hele-Shaw flow Diffusion-limited aggregation
Harmonic function U(r) Electrostatic potential Fluid pressure Local density of particles
Region Ω Air Highly viscous phase Suspension of particles
Region R2r (Ω∪∂Ω) Metal Inviscid phase Particle aggregates
Theoretical implications of
larger |∇U(r)|, r ∈ ∂Ω
Higher likelihood of elec-
trostatic sparks at air-metal
interface
Higher local speed
of moving interface
between two fluids
Higher probability of a random-
walking particle hitting a pre-
existing aggregate
Experimental observations
related to larger κ(r), r ∈ ∂Ω
Higher tendency to give
off more sparks (“stronger
field at sharper points”)
Higher tendency to
stretch out, forming tree-
like patterns (“dendritic
growth”)
Higher tendency to invite more
aggregating particles, forming
tree-like patterns (“dendritic
growth”)
R
2
r (Ω∪∂Ω)
FIGURE 1. An illustration of elec-
tricians’ folklore. Some level sets
of a 2-dimensional harmonic func-
tionU(r), r ∈Ω are displayed as gray
curves. The boundary ∂Ω, drawn in
black, is also a level set (“equipo-
tential curve”). Graphically speak-
ing, the values of |∇U(r)| around
the sharp tips (which “stick out”)
of level sets are larger (with much
denser spacing between level sets)
than those around the depressed pits
(which “cave in”).
statistical correlations between the curvature of the level set and the magnitude of ∇U(r), such as the
geometric inequality stated in the abstract.
In the present work and its sequel, the mathematical motivations behind our statistical interpretation
of electricians’ folklore are entropy monotonicity techniques developed by Colding [1] and Colding–
Minicozzi [2, 3]. These techniques not only inject geometric insights into level sets of harmonic func-
tions, but also add to our geometric understanding of many other types of (linear or non-linear) partial
differential equations that arise from classical and quantum physics.
1.2. Statement of results. Let κ(r) be the signed curvature of the level set at a point r ∈ Ω∪∂Ω ⊂ R2.
In this work, we follow the convention that the unit circle has positive curvature: κ = +1. For simplicity,
we will write E(r) = |∇U(r)|. On a level set Σ, define the geometric covariance as
covΣ( f1(r), f2(r)) :=
〈[
f1(r)−〈 f1(r)〉Σ
][
f2(r)−〈 f2(r)〉Σ
]〉
Σ
, (1.4)
where
〈 f (r)〉Σ =
1
LΣ
∮
Σ
f (r)d s =
∮
Σ
f (r)d s∮
Σ
d s
(1.5)
is the average over Σ, weighted by arc length.
A good half of the main results in the current work are gathered in the theorem below.
Theorem 1.1 (Sharp geometric inequalities for 2-exD). We have the following inequalities that correlate
κ(r) with E(r) on each level set Σ in 2-exD problems:
covΣ
(
κ(r)
E(r)
,E(r)
)
≥ 0, (1.6)
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1
E(r)
〉
Σ
≥
〈
κ(r)
E(r)
〉
Σ
〈n · r〉Σ , (1.7)
covΣ(κ(r),E(r)) ≥ 0, (1.8)
covΣ
(
κ(r)
2pi
, log
E(r)LΣ
Φ
)
≥ covΣ
(
E(r)
Φ
, log
E(r)LΣ
Φ
)
, (1.9)〈[
n×∇ κ(r)
E(r)
]
·
[
n×∇ 1
E(r)
]〉
Σ
≤ 0, (1.10)〈
κ(r)
[E(r)]2
〉
Σ
≤ 2pi
Φ
〈
1
E(r)
〉
Σ
, (1.11)
where n×∇ f (r) denotes tangential gradient of a scalar f (r) (up to a 90◦ rotation). Furthermore, these
inequalities are strict, unless ∂Ω is a circle.
Some of these geometric inequalities (to be proved in §2) provide quantitative support for the afore-
mentioned electricians’ folklore, and also explain the statistical trend in dendritic growth governed by
Hele-Shaw flow or diffusion limited aggregation (see for example, Corollary 2.6).
Complementary to the 2-exD problems, we may also consider the Green’s functions for 2-dimensional
interior Dirichlet problems (“2-inD” hereafter). For an unbounded domain Ω ⊂ R2 whose boundary ∂Ω
is a smooth Jordan curve enclosing the origin 0, the 2-inD problem can be formulated as

∇2G(r) = 0, r ∈ R2r (Ω∪∂Ω∪{0}),
G(r) = const., r ∈ ∂Ω,
− lim
ε→0+
∮
|r|=ε
n · ∇G(r)d s = Φ,
(1.12)
where Φ 6= 0. (As before, we automatically have |∇G(r)| 6= 0 for r ∈ R2r (Ω∪ {0}), by the Riemann
mapping theorem.) If we set Φ = 1 in the 2-inD problem, then G(r) = G∂ΩD (0, r) is called a Dirichlet
Green’s function in electrostatics [8]. These 2-inD problems also occur in the setting of internal diffusion
limited aggregation [17, 4], or the corresponding Hele-Shaw flow as its deterministic limit [14].
We have the following interior analog of Theorem 1.1.
Theorem 1.2 (Sharp geometric inequalities for 2-inD). We have the following inequalities that correlate
κ(r) with G(r) on each level set Σ in 2-inD problems:
covΣ
(
κ(r)
|∇G(r)| , |∇G(r)|
)
≤ 0, (1.6′)
covΣ
(
κ(r)
2pi
, log
|∇G(r)|LΣ
Φ
)
≤ covΣ
( |∇G(r)|
Φ
, log
|∇G(r)|LΣ
Φ
)
, (1.9′)〈[
n×∇ κ(r)|∇G(r)|
]
·
[
n×∇ 1|∇G(r)|
]〉
Σ
≥ 0, (1.10′)〈
κ(r)
|∇G(r)|2
〉
Σ
≥ 2pi
Φ
〈
1
|∇G(r)|
〉
Σ
, (1.11′)
where the inequalities are strict except when ∂Ω is a circle centered at the origin 0.1
There is a notable reversal of inequality signs [as compared to (1.6), (1.9), (1.10) and (1.11) for 2-exD],
whose physical significance will be sketched at the end of §3.
1Unfortunately, due to the reversed inequality in (1.6′), we are not yet able to produce an analog of (1.7) or (1.8), for the
2-inD problems.
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1.3. Plan of proof. In §2, we study four functionals of κ(r) and E(r), which are integrals over the level
set Σϕ := {r ∈Ω∪∂Ω|U(r) = ϕ}:
H (ϕ) :=
∮
Σϕ
E(r)
Φ
log
E(r)LΣϕ
Φ
d s, (1.13)
E (ϕ) :=
∮
Σϕ
κ2(r)
E(r)
d s−
∮
Σϕ
∣∣n×∇ logE(r)∣∣2
E(r)
d s, (1.14)
F (ϕ) :=
∮
Σϕ
∣∣n×∇ logE(r)∣∣2
E(r)
d s, (1.15)
L (ϕ) := log
∮
Σϕ
d s
E(r)
. (1.16)
We show that all these expressions are convex functions in ϕ, and their convexity eventually entails
(1.6)–(1.11), via the first-order derivatives H ′(ϕ) ≥ 0, E ′(ϕ) = 0, F ′(ϕ) ≥ 0 and L ′(ϕ)+ 4pi
Φ
≥ 0. Such
convexity arguments are morally similar to entropy monotonicity relations for level sets of Green’s func-
tions in manifolds of dimension greater than 2, as developed by Colding [1] and Colding–Minicozzi
[2, 3].
In §3, we generalize our analysis to 2-inD problems. While all the functionals in (1.13)–(1.16) remain
convex in 2-inD, their limit behavior is different from the 2-exD counterpart. This critical difference
causes sign changes in the expressions H ′(ϕ), F ′(ϕ) and L ′(ϕ)+ 4pi
Φ
, which account for the reverse
inequalities in Theorem 1.2.
In §4, we show that our derivations are sensitive to space dimension: there are some analytic and
geometric difficulties that one may encounter while extending the present results to Rd,d > 2.
2. ENTROPY, CONSERVATION LAW AND GEOMETRIC INEQUALITIES
2.1. Geometric entropy and curvature correlations. The function H (ϕ) defined in (1.13) is the rel-
ative entropy between two mutually non-singular probability measures: the flux density dµ = E(r)d s/Φ
and the line density dν = d s/LΣϕ . By Jensen’s inequality, we have
H (ϕ) = −
∮
Σϕ
log
dν
dµ
dµ ≥ − log
∮
Σϕ
dν
dµ
dµ = 0. (2.1)
Before evaluating the derivatives H ′(ϕ) and H ′′(ϕ), we need some geometric preparations.
We assign local orthogonal curvilinear coordinates r(ϕ,u) to points r ∈ Ω∪ ∂Ω, so that ϕ coincides
with U(r), and a pair of points on different level sets share the same u coordinate if and only if they
are joined by an integral curve of ∇U(r) (known as “electric field line” in electrostatics). In such a
curvilinear coordinate system, we can rewrite the Euclidean metric d r ·d r = (d x)2+ (dy)2 as
d r ·d r = (dϕ)
2
E2
+g(du)2, where
1
E
:=
1
|∇U(r)| =
∣∣∣∣ ∂r∂ϕ
∣∣∣∣ ,g :=
∣∣∣∣∂r∂u
∣∣∣∣
2
. (2.2)
Accordingly, the Laplacian in the Euclidean space ∆ ≡ ∇2 = ∂2
∂x2
+
∂2
∂y2
can be decomposed into [22,
Proposition 1.2]
∆ = ∆Σϕ +E
2 ∂
2
∂ϕ2
− 1
gE
∂E
∂u
∂
∂u
. (2.3)
Here,
∆Σϕ =
1√
g
∂
∂u
(√
g
g
∂
∂u
)
=
∂2
∂s2
(2.4)
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is the Laplacian on the level set Σϕ, whose arc length parameter s satisfies (d s)
2
= g(du)2. It is then an
elementary exercise in differential geometry to show that [22, (5), (6) and Proposition 1.3]
∂(E
√
g)
∂ϕ
= 0,
∂E
∂ϕ
= κ,
∂κ
∂ϕ
=
κ2
E
+∆Σϕ
1
E
. (2.5)
In what follows, we will also frequently need to differentiate d s =
√
gdu with respect to ϕ. Since u
and ϕ are two independent variables in our orthogonal curvilinear coordinate system, this boils down to
computing the derivative
∂
√
g
∂ϕ
= −κ
√
g
E
via either the standard normal variation formula of volume element
in differential geometry, or the first two equalities in (2.5). Such a technique also brings us
d
dϕ
LΣϕ =
d
dϕ
∮
Σϕ
d s =
∮
Σϕ
∂
√
g
∂ϕ
du = −
∮
Σϕ
κd s
E
, (2.6)
agreeing with Laurence’s coarea formula [12, (77)] up to sign conventions.
Proposition 2.1 (Convexity of H (ϕ)). We have H ′′(ϕ) ≥ 0 in 2-exD, where the equality holds if and
only if E and κ both remain constant on Σϕ.
Proof. Combining the geometric preparations above with the Umlaufsatz
∮
Σϕ
κd s = 2pi, we can readily
compute
H
′(ϕ) =
1
Φ
∮
Σϕ
E
∂
∂ϕ
(
log
ELΣϕ
Φ
)
d s =
∮
Σϕ
κd s
Φ
−
∮
Σϕ
κd s
ELΣϕ
=
2pi
Φ
−
∮
Σϕ
κd s
ELΣϕ
, (2.7)
and
H
′′(ϕ) = −
∮
Σϕ
1
E
∆Σ
1
E
d s
LΣϕ
− 1
LΣϕ
∮
Σϕ
κ
∂
∂ϕ
(
1
E
)
d s−
(∮
Σϕ
κd s
E
)
∂
∂ϕ
(
1
LΣϕ
)
=
∮
Σϕ
∣∣∣∣n×∇ 1E
∣∣∣∣
2
d s
LΣϕ
+
∮
Σϕ
( κ
E
)2 d s
LΣϕ
−
(∮
Σϕ
κd s
ELΣϕ
)2
=
〈∣∣∣∣n×∇ 1E
∣∣∣∣
2
+
(
κ
E
−
〈 κ
E
〉
Σϕ
)2〉
Σϕ
≥ 0. (2.8)
Here, the term
∣∣n×∇ 1
E
∣∣2d s = ( ∂
∂s
1
E
)2
d s arises from integrating the differential form − 1
E
∆Σ
1
E
d s =
− 1
E
∂2
∂s2
1
E
d s by parts.
This proves the convexity of our entropy function H (ϕ). Furthermore, it is clear that we have
H ′′(ϕ) > 0 unless both 1
E
and κ
E
remain constant on Σϕ, which is equivalent to our claim in the proposi-
tion. 
Since we can rewrite the computations above as
H
′(ϕ) =
2pi
Φ
+
d
dϕ
logLΣϕ , H
′′(ϕ) =
d2
dϕ2
logLΣϕ ≥ 0, (2.9)
we also have a by-product stated in the following corollary.
Corollary 2.2. The circumference LΣϕ of the equipotential curve Σϕ is logarithmically convex in ϕ. 
Remark This strengthens a previous result of Longinetti [15, Theorem 3.1], which demonstrated loga-
rithmic convexity of LΣϕ for convex ring configurations, without using an entropy argument.
We note that Longinetti’s aforementioned result has been generalized by Laurence [12, Theorem 6]
to star-convex ring configurations. The work of Laurence [12] also includes many higher order analogs
of coarea formulae, which are applicable to harmonic functions in any spatial dimensions. I thank an
anonymous reviewer for bringing Laurence’s work to my attention. 
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Proposition 2.3 (Sharp inequality for H ′(ϕ)). In 2-exD, we have H ′(ϕ) ≥ 0, which entails (1.6):
covΣϕ
(
κ
E
,E
)
≥ 0. Both inequalities are strict unless ∂Ω is a circle.
Proof. As |r| → +∞, we have ϕ→−∞ according to (1.3), and
κ(r) ∼ 1|r| , E(r) ∼
Φ
2pi|r| , (2.10)
so
lim
ϕ→−∞H
′(ϕ) =
2pi
Φ
− 2pi
Φ
lim
ϕ→−∞
∮
Σϕ
d s
LΣϕ
= 0, (2.11)
and
H
′(ϕ) =
∫ ϕ
−∞
H
′′(φ)dφ ≥ 0. (2.12)
The last inequality can be recast into
2pi
Φ
−
∮
Σϕ
κd s
ELΣϕ
=
LΣϕ
Φ
(∮
Σϕ
κE d s
ELΣϕ
−
∮
Σϕ
κd s
ELΣϕ
∮
Σϕ
E d s
LΣϕ
)
=
LΣϕ
Φ
covΣϕ
( κ
E
,E
)
≥ 0, (2.13)
which proves our first geometric inequality stated in (1.6). Such an inequality becomes an equality only
if H ′′(φ) = 0 for all φ < ϕ, that is, both E and κ remain constant on every level set enclosing Σϕ—a
scenario that happens only when ∂Ω is a circle. 
Remark Following Longinetti [15], we may also consider a harmonic function defined in an annular
domain bounded by two smooth Jordan curves hereafter referred to as inner and outer rings (which are
both equipotential curves), along with the Bernoulli boundary condition that E(r) = |∇U(r)| remains
constant on the outer ring. By (2.7), we have H ′(ϕ) = 0 on the outer ring. The proof above also brings
us H ′(ϕ) ≥ 0 and covΣϕ
(
κ
E
,E
)
≥ 0 in the annular domain. The inequalities are strict unless the inner
and outer rings are concentric circles.
In fact, most of our results on 2-exD to be developed in §2.1 and §2.3 (with the only exception of
Corollary 2.6) extend naturally to annular domains with the Bernoulli boundary condition on the outer
ring. Such extensions are also possible for the results from §2.2 and §2.4, so long as some constant terms
are adapted to the context of the outer ring. These extensions will generalize Longinetti’s work [15] on
convex ring domains—annular domains whose inner and outer rings are both convex curves. 
Corollary 2.4 (Sharp inequalities related to isoperimetric deficit). For any equipotential curve Σ in 2-
exD, the geometric inequality (1.7)
〈
1
E(r)
〉
Σ
≥
〈
κ(r)
E(r)
〉
Σ
〈n · r〉Σ holds. Let ADϕ :=
∫
Dϕ
d2 r be the area of
the region Dϕ bounded by the equipotential curve Σϕ = ∂Dϕ, then
d
dϕ
(
1− 4piADϕ
L2∂Dϕ
)
≥ 0 and d
dϕ
(
L2∂Dϕ −
4piA
Dϕ
)
≥ 0 in 2-exD. All these three inequalities are strict unless ∂Ω is circular.
Proof. We note that 1
2
∮
Σϕ=∂Dϕ
n · rd s = ∫
Dϕ
d2 r = ADϕ . To prove (1.7) for Σ = ∂D, we compute
LΣ
〈
1
E
〉
Σ
−2
〈 κ
E
〉
Σ
AD ≥
LΣ
〈E〉Σ
− 2〈κ〉Σ〈E〉Σ
AD =
L2
Σ
−4piA
D
Φ
≥ 0. (2.14)
Here, in the first step, we have exploited the Cauchy–Schwarz inequality and the correlation inequality
in (1.6). In the last step, we have used the isoperimetric inequality.
In view of a special case [19, §4] of Federer’s coarea formula [5, §3.2]
− d
dϕ
ADϕ =
∮
Σϕ
d s
E
, (2.15)
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we can rearrange (1.7) into
4piADϕ
L2∂Dϕ
(
2
〈 κ
E
〉
Σϕ
− LΣ
ADϕ
〈
1
E
〉
Σϕ
)
=
d
dϕ
4piADϕ
L2∂Dϕ
≤ 0. (2.16)
Therefore, the left-hand side of the rescaled isoperimetric inequality 1− 4piADϕ
L2∂Dϕ
≥ 0 decays monotonically
to zero, as |r| → +∞, ϕ→−∞.
Meanwhile, one can also compute
d
dϕ
(
L2∂Dϕ −4piADϕ
)
= 2L∂Dϕ
dL∂Dϕ
dϕ
−4pidADϕ
dϕ
= −2L∂Dϕ
∮
Σϕ
κd s
E
+4pi
∮
Σϕ
d s
E
≥ −
4piL2
Σϕ
Φ
+4pi
∮
Σϕ
d s
E
=
4piLΣϕ
〈E〉Σϕ
(
〈E〉Σϕ
〈
1
E
〉
Σϕ
−1
)
≥ 0, (2.17)
where the penultimate inequality comes from (2.13), and the last step involves the Cauchy–Schwarz
inequality. This generalizes Longinetti’s proof for the monotonicity of isoperimetric deficit L2∂Dϕ−4piADϕ
in the setting of convex ring domains with the Bernoulli boundary condition (constant E(r) = |∇U(r)|)
on the outer ring [15, Theorem 5.2].
In other words, as one tracks down the electrostatic potential ϕ, the equipotential curve Σϕ becomes
rounder and rounder
(
according to the decay of either 1− 4piADϕ
L2∂Dϕ
or L2∂Dϕ −4piADϕ
)
. This trend is strictly
monotone, unless both E and κ remain constant on every level set, that is, unless ∂Ω is a circle. 
Proposition 2.5 (Non-negative correlation between curvature and field intensity). In 2-exD, we have
covΣϕ (κ,E) ≥ 0 according to (1.8). The inequality is strict unless ∂Ω is circular.
Proof. To prove (1.8), we differentiate
LΣϕ covΣϕ (κ,E) =
∮
Σϕ
κE d s− 2piΦ
LΣϕ
(2.18)
as follows:
d
dϕ
[
LΣϕ covΣϕ (κ,E)
]
=
∮
Σϕ
E∆Σϕ
1
E
d s+
∮
Σϕ
κ2 d s− 2piΦ
L2
Σϕ
∮
Σϕ
κd s
E
=
∮
Σϕ
∣∣n×∇ logE∣∣2 d s+∮
Σϕ
κ2 d s+
2piΦ
LΣϕ
[
H
′(ϕ)− 2pi
Φ
]
≥ LΣϕ
〈∣∣n×∇ logE∣∣2+(κ−〈κ〉Σϕ )2〉
Σϕ
≥ 0, (2.19)
and note that limϕ→−∞LΣϕ covΣϕ (κ,E) = 0. Here, we have exploited (2.12) in the penultimate step of
(2.19). Again, we have a strict inequality covΣϕ (κ,E) > 0 unless κ and E remain constant on each level
set enclosing Σϕ, which only occurs when ∂Ω is a circle. 
The inequality (1.8) has a simple application in the Hele-Shaw flow [7, 18], where the time-dependent
boundary surface ∂Ωt evolves according to
∂r
∂t
= v(r, t)n for r ∈ ∂Ωt. Here, we have v(r, t) = |∇U(r, t)|,
where U(r, t) solves 2-exD in the unbounded region Ωt that evolves in time. This moving boundary
behavior is different from the electrostatic setting, where ∂r
∂ϕ
= − n|∇U(r)| . In lieu of (2.6), we have the
following normal variation of arc length:
d
d t
L∂Ωt =
∮
∂Ωt
κ(r, t)v(r, t)d s. (2.20)
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In parallel to the coarea formula (2.15), we have
d
d t
AR2rΩt =
∮
∂Ωt
v(r, t)d s. (2.21)
Corollary 2.6 (Monotonicity of isoperimetric deficit under Hele-Shaw flow). Under the Hele-Shaw flow,
the isoperimetric deficit L2∂Ωt −4piAR2rΩt is non-decreasing with respect to time t.
Proof. Direct computation reveals that
d
d t
(L2∂Ωt −4piAR2rΩt) = 2L2∂Ωt cov∂Ωt(κ(r, t),v(r, t)) ≥ 0. (2.22)
Therefore, when time elapses, the Hele-Shaw flow drives the boundary away from roundness, as mea-
sured by the monotonically non-decreasing quantity L2∂Ωt −4piAR2rΩt . 
2.2. Geometric conservation law and correlation comparison. Our next goal is to show that the
quantity E (ϕ) defined in (1.14) is in fact a conservation law:
E (ϕ) :=
∮
Σϕ
κ2 d s
E
−
∮
Σϕ
∣∣n×∇ logE∣∣2 d s
E
≡ 4pi
2
Φ
. (2.23)
In other words, there is an exact identity with respect to the probability measure dµ = E d s/Φ:∮
Σϕ
(
κ
E
−
∮
Σϕ
κ
E
dµ
)2
dµ =
∮
Σϕ
∣∣∣∣n×∇ 1E
∣∣∣∣
2
dµ. (2.24)
From this identity, it is also clear that E(r) ≡ const., r ∈ Σϕ implies that Σϕ is a circle.
Proposition 2.7 (A geometric conservation law). We have E ′(ϕ) = 0 and E (ϕ) ≡ 4pi2
Φ
in 2-exD.
Proof. We first enlist the help from (2.5) to compute the derivative E ′(ϕ) as follows:
d
dϕ
[∮
Σϕ
κ2 d s
E
−
∮
Σϕ
∣∣n×∇ logE∣∣2 d s
E
]
=
∮
Σϕ
2κ
E
(
∆Σϕ
1
E
+
κ2
E
)
d s−
∮
Σϕ
κ2
E
2κ
E
d s−2
∮
Σϕ
1
gE
∂ logE
∂u
∂(κ/E)
∂u
du
=
∮
Σϕ
2κ
E
∂2
∂s2
1
E
d s+
∮
Σϕ
∂(1/E)
∂s
∂(2κ/E)
∂s
d s =
∮
Σϕ
∂
∂s
(
2κ
E
∂
∂s
1
E
)
d s = 0. (2.25)
Then, we equate E (ϕ) with limϕ→−∞E (ϕ).
To evaluate the last limit, we need two observations. First, the asymptotic behavior in (2.10) imme-
diately leads us to limϕ→−∞
∮
Σϕ
κ2 d s
E
=
4pi2
Φ
. Second, we have the following multipole expansion for a
harmonic function2
logE(|r|(ex cosθ+ ey sinθ)) = c0− log |r|+
c1 cosθ+ s1 sinθ
|r| +O
(
1
|r|2
)
(2.26)
for constants c0,c1, s1, which enables us to estimate∣∣n×∇ logE(r)∣∣ = O( 1|r|2
)
, as |r| → +∞, (2.27)
so limϕ→−∞
∮
Σϕ
|n×∇ logE|2 d s
E
= 0.
Summarizing what we have done in the last paragraph, we see that E (ϕ) ≡ 4pi2
Φ
holds. 
2The expression log |∇U(xex + yey)| = Relog f ′(x+ iy) is the real part of a complex-analytic function, hence harmonic.
Here, one can construct f (x+ iy) = U(xex+ yey)+ iV(xex+ yey) from U and its conjugate harmonic function V .
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Corollary 2.8 (Sharp correlation comparison inequality). In 2-exD, we have covΣϕ
(
κ
2pi
, log
ELΣϕ
Φ
)
≥
covΣϕ
(
E
Φ
, log
ELΣϕ
Φ
)
according to (1.9). The inequality is strict unless ∂Ω is circular.
Proof. We note that the derivative of
LΣϕ
[
covΣϕ
(
κ
2pi
, log
ELΣϕ
Φ
)
− covΣϕ
(
E
Φ
, log
ELΣϕ
Φ
)]
=
∮
Σϕ
κ log
ELΣϕ
Φ
d s
2pi
−
∮
Σϕ
E log
ELΣϕ
Φ
d s
Φ
, (2.28)
evaluates to
1
2pi
∮
Σϕ
(
∆Σ
1
E
)
log
ELΣϕ
Φ
d s+
1
2pi
∮
Σϕ
κ2 d s
E
− 1
Φ
∮
Σϕ
κd s
=
1
2pi
(∮
Σϕ
κ2 d s
E
+
∮
Σϕ
|n×∇ logE|2d s
E
− 4pi
2
Φ
)
=
1
pi
∮
Σϕ
|n×∇ logE|2 d s
E
≥ 0, (2.29)
where the conservation law (1.14) has entered the penultimate step. Now that the expression in (2.28)
vanishes as ϕ→−∞, by virtue of (2.10), we have the correlation comparison inequality stated in (1.9).
We note that (1.9) becomes an equality only when there is constant field intensity on each equipotential
curve: E(r) ≡ const., r ∈ Σϕ. By (2.24), we know that this is equivalent to the requirement that ∂Ω be a
circle. 
2.3. Statistical (mis)alignment of tangential gradients. We say that the tangential gradients of two
scalar functions f1(r), r ∈ Σϕ and f2(r), r ∈ Σϕ are aligned (resp. misaligned) at a point r if
[n×∇ f1(r)] · [n×∇ f2(r)] ≥ 0 (resp. [n×∇ f1(r)] · [n×∇ f2(r)] ≤ 0). (2.30)
We say that there are statistical alignment (resp. misalignment) of tangential gradients if∮
Σϕ
[n×∇ f1(r)] · [n×∇ f2(r)]d s ≥ 0
(
resp.
∮
Σϕ
[n×∇ f1(r)] · [n×∇ f2(r)]d s ≤ 0
)
. (2.31)
Statistical (mis)alignment of tangential gradients tells us how the monotonicity of two functions, on
average, are tied to each other.
Before moving onto the convexity proof for
F (ϕ) :=
∮
Σϕ
∣∣n×∇ logE∣∣2d s
E
=
∮
Σϕ
κ2 d s
E
− 4pi
2
Φ
, (2.32)
we need a convenient formula for second-order derivatives in ϕ.
Lemma 2.9. For any suitably regular f (r) defined in a neighborhood of Σϕ, we have
d2
dϕ2
∮
Σϕ
E(r) f (r)d s =
∮
Σϕ
1
E
∆ f d s. (2.33)
Proof. Exploiting the decomposition of Laplacian in (2.3), we can show that
d2
dϕ2
∮
Σϕ
E(r) f (r)d s =
∮
Σϕ
1
E
(∆ f −∆Σ f )d s−
∮
Σϕ
1
g
∂(1/E)
∂u
∂ f
∂u
d s. (2.34)
Integrating by parts, we may further deduce
−
∮
Σϕ
1
E
∆Σ f d s−
∮
Σϕ
1
g
∂(1/E)
∂u
∂ f
∂u
d s = −
∮
Σϕ
1
E
∂2 f
∂s2
d s−
∮
Σϕ
∂(1/E)
∂s
∂ f
∂s
d s = 0, (2.35)
hence our claim. 
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Proposition 2.10 (Convexity of F (ϕ)). We have F ′′(ϕ) ≥ 0 in 2-exD, where the equality holds if and
only if ∇ κ
E
= 0 on Σϕ.
Proof. By virtue of (2.33) and Talenti’s relation ∆ κ
E
= 0 [19], we can quickly compute
F
′′(ϕ) =
d2
dϕ2
∮
Σϕ
κ2 d s
E
=
∮
Σϕ
1
E
∆
κ2
E2
d s
= 2
∮
Σϕ
∣∣∣∇ κ
E
∣∣∣2d s+2∮
Σϕ
1
E
κ
E
∆
κ
E
d s = 2
∮
Σϕ
1
E
∣∣∣∇ κ
E
∣∣∣2 d s ≥ 0, (2.36)
as stated. 
Proposition 2.11 (Sharp inequality for F ′(ϕ)). In 2-exD, we have F ′(ϕ) ≥ 0, which entails (1.10):〈[
n×∇ κ(r)
E(r)
]
·
[
n×∇ 1
E(r)
]〉
Σ
≤ 0. Both inequalities are strict unless ∂Ω is a circle.
Proof. From the convexity F ′′(ϕ) ≥ 0 we can deduce the monotonicity of F (ϕ):
0 ≥ −F ′(ϕ) = − d
dϕ
∮
Σϕ
κ2 d s
E
= −2
∮
Σϕ
κ
E
∂
∂ϕ
( κ
E
)
E d s
= −2
∮
Σϕ
κ
E
∂2
∂s2
1
E
d s = 2
∮
Σϕ
[
n×∇ κ
E
]
·
[
n×∇ 1
E
]
d s, (2.37)
after we establish limϕ→−∞F ′(ϕ) = 0 on the asymptotic behavior:∣∣∣∣n×∇ κ(r)E(r)
∣∣∣∣ = O
(
1
|r|2
)
,
∣∣∣∣n×∇ 1E(r)
∣∣∣∣ = O(1), (2.38)
as |r| → +∞. Here, the tangential derivative of the harmonic function κ
E
can be estimated in a similar
fashion as (2.27).
This proves the statistical (mis)alignment of tangential gradients stated in (1.10). This is a strict
inequality unless ∇ κ
E
= 0 on all the level sets enclosing Σϕ, in view of (2.36). Since 0 =
∂
∂ϕ
κ
E
=
1
E
∂2
∂s2
1
E
implies constant E(r) on each level set, and n×∇ κ
E
= 0 further entails constant κ(r) on each level set, the
situation F ′(ϕ) = 0 happens only if ∂Ω is a circle. 
Remark Admittedly, at this point, we have not yet exhausted all the possible geometric integrals that are
convex in ϕ. By (2.33) and the Kong–Xu equation ∆ n×∇κ
E2
= 0 [11], one can also show that d
2
dϕ2
∮
Σϕ
E−3|n×
∇κ|2 d s ≥ 0. However, we are unable to reinterpret the first-order derivative d
dϕ
∮
Σϕ
E−3|n×∇κ|2 d s as
statistical (mis)alignment of geometrically/physically interesting quantities, as in the case of F ′(ϕ). 
2.4. Longinetti functional and weighted correlation. In [15, Theorem 4.1], Longinetti has shown that
L (ϕ) := log
∮
Σϕ
d s
E
is convex in ϕ, using support functions in convex domains. One can generalize his
result to non-convex domains.
Proposition 2.12 (Convexity of L (ϕ)). In 2-exD, we have L ′′(ϕ) ≥ 0, namely∮
Σϕ
d s
E
d2
dϕ2
∮
Σϕ
d s
E
≥
(
d
dϕ
∮
Σϕ
d s
E
)2
. (2.39)
The equality holds only when ∂Ω is a circle.
Proof. Since the differential formulae in (2.5) and (2.6) bring us
d
dϕ
∮
Σϕ
d s
E
= −2
∮
Σϕ
κd s
E2
, (2.40)
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and
d
dϕ
∮
Σϕ
d s
E
= −2
∮
Σϕ
1
E2
∂2
∂s2
1
E
d s+4
∮
Σϕ
κ2 d s
E3
= 4
∮
Σϕ
(∣∣∣∣n×∇ 1E
∣∣∣∣
2
+
κ2
E2
)
d s
E
, (2.41)
we may proceed with the computation∮
Σϕ
d s
E
d2
dϕ2
∮
Σϕ
d s
E
−
(
d
dϕ
∮
Σϕ
d s
E
)2
= 4
(∮
Σϕ
d s
E
)2∮
Σϕ
[∣∣∣∣n×∇ 1E
∣∣∣∣
2
+
(
κ
E
−
∮
Σϕ
κ
E
dλ
)2]
dλ ≥ 0, (2.42)
for a probability measure dλ = d s
E
/∮
Σϕ
d s
E
. So far, we have proved Longinetti’s inequality in (2.39), for
all 2-exD problems whose boundary ∂Ω is a smooth Jordan curve. Arguing as the proof of Corollary
2.8, we know that L ′′(ϕ) = 0 happens only when ∂Ω is a circle. 
From L ′′(ϕ) ≥ 0, we may deduce the inequality stated in (1.11):
L
′(ϕ) =
−2∮
Σϕ
κd s
E2∮
Σϕ
d s
E
≥ lim
φ→−∞
L
′(φ) = −4pi
Φ
. (2.43)
This may also be rewritten as a non-negative correlation between E2 and κ/E, weighted by the probability
measure dλ = d s
E
/∮
Σϕ
d s
E
:
2pi∮
Σϕ
d s
E
=
∮
Σϕ
E2
κ
E
dλ ≥
∮
Σϕ
E2 dλ
∮
Σϕ
κ
E
dλ =
Φ
∮
Σϕ
κd s
E2(∮
Σϕ
d s
E
)2 . (2.44)
3. GEOMETRIC RELATIONS FOR GREEN’S FUNCTIONS
For the level sets Σϕ of Green’s functions in 2-inD, our arguments in §2 still bring us H
′′(ϕ) ≥ 0,
E ′(ϕ) = 0 and F ′′(ϕ) ≥ 0. However, the asymptotic analysis in 2-inD (|r| → 0,ϕ → +∞) is critically
different from that in 2-exD (|r| → +∞,ϕ→−∞).
To prove that limϕ→+∞E (ϕ) = 4pi
2
Φ
, we need two steps. First, we note that the asymptotic behavior in
(2.10) also applies to |r| → 0, so limϕ→+∞
∮
Σϕ
κ2 d s
E
=
4pi2
Φ
. Second, in view of the multipole expansion
logE(|r|(ex cosθ+ ey sinθ)) = − log |r|+ |r|(c′1 cosθ+ s′1 sinθ)+O(|r|2) (3.1)
as |r| → 0, we have |n×∇ logE(r)| = O(1) and d s
E(r)
= O(|r|2 dθ), so limϕ→+∞
∮
Σϕ
|n×∇ logE|2 d s
E
= 0.
To prove (1.9′), one simply checks that (2.28) and (2.29) remain valid in 2-inD:
d
dϕ
{
LΣϕ
[
covΣϕ
(
κ
2pi
, log
ELΣϕ
Φ
)
− covΣϕ
(
E
Φ
, log
ELΣϕ
Φ
)]}
=
1
pi
∮
Σϕ
|n×∇ logE|2d s
E
≥ 0, (3.2)
and that
lim
ϕ→+∞LΣϕ
[
covΣϕ
(
κ
2pi
, log
ELΣϕ
Φ
)
− covΣϕ
(
E
Φ
, log
ELΣϕ
Φ
)]
= 0. (3.3)
One can then compute directly that limϕ→+∞H ′(ϕ)= 0 and limϕ→+∞F ′(ϕ)= 0, so we haveH ′(ϕ)≤
0 and F ′(ϕ) ≤ 0 for 2-inD, thus confirming (1.6′) and (1.10′). To prove (1.11′), it would suffice to write
down L ′(ϕ) ≤ limφ→+∞L ′(φ) = −4piΦ , by analogy to (2.43).
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The equalities in (1.6′), (1.9′), (1.10′) and (1.11′) hold only when E and κ both remain constant on
each level set, which means that ∂Ω is a circle centered at 0.
One may further adapt our results for 2-inD to annular domains with the Bernoulli boundary condition
imposed on the inner ring.
Before closing this section, we point out that the reversal of inequality signs in 2-inD (as compared to
2-exD) is not physically unexpected. As time elapses in internal diffusion limited aggregation [17, 4], or
the corresponding Hele-Shaw flow as its deterministic limit [14], the interface becomes more and more
circular [13, 9], rather than more and more spiky as in the Witten–Sander process [21, 20]. This indicates
that the curvature feedback mechanism in 2-inD runs opposite to its counterpart in 2-exD.
4. DISCUSSIONS AND OUTLOOK
It is appropriate to consider Dirichlet problems for harmonic functions in higher dimensional Eu-
clidean spaces Rd (d > 2). One can formulate d-exD as a Laplace equation
∇2U(r) = 0, r ∈ Ω ⊂ Rd (1.1′)
in an unbounded domain Ω, whose boundary ∂Ω is a smooth and connected (hyper)surface, on which
U(r) remains constant. Such a boundary is orientable, with an outward unit normal vector n defined
everywhere on ∂Ω. The flux condition
−
∮
∂Ω
n · ∇U(r)dΣ = Φ > 0 (1.2′)
(with dΣ being the induced Lebesgue measure on ∂Ω) translates into the following asymptotic behavior
as |r| goes to infinity:
U(r) ∼ Φ
4pid/2|r|d−2
∫ ∞
0
t(d−4)/2e−t d t. (1.3′)
If 0 /∈Ω∪∂Ω, then one can define the Green’s function in d-inD as a solution to

∇2G∂ΩD (0, r) = 0, r ∈ Rdr (Ω∪∂Ω∪{0}),
G∂ΩD (0, r) = const., r ∈ ∂Ω,
− lim
ε→0+
∮
|r|=ε
n · ∇G∂ΩD (0, r)dΣ = 1.
(1.12′)
In both d-exD and d-inD, we will be interested in the geometric relations on the level sets Σϕ [equipo-
tential (hyper)surfaces in physical parlance], in a similar vein as §§2–3.
The possible existence of critical points (where the gradient of a harmonic function vanishes) forms
a major obstacle to finding higher dimensional analogs of the monotonicity results in 2-exD (§2) and
2-inD (§3). Lacking a generalization of the Riemann mapping theorem to Rd (d > 2), we usually cannot
rule out the critical points, by relying on the smoothness and connectedness of the boundary ∂Ω alone.
A recent result of Ma–Zhang [16, Proposition 3.2] ensures the non-existence of critical points in d-exD
and d-inD if ∂Ω is both smooth and convex. Thus, it is sensible to limit our scope to d-exDc and d-inDc,
which are problems with the additional constraint on geometric convexity of the boundary ∂Ω. (For the
special case of 3-inDc, one can also deduce the non-existence of critical points from Gergen’s answer
[6, (1.1)] to a question of Morse.)
Yet another obstacle to obtaining higher dimensional generalizations of the geometric inequalities in
§§2–3 is the unavailability of auxiliary harmonic functions, like those studied by Talenti [19] and Kong–
Xu [11]. Without such “extra harmonicity” in higher dimensional spaces, we may lose control of the
sign in certain derivatives with respect to ϕ.
Despite these difficulties, we can still construct some (partial and conditional) generalizations to the
current work in Rd (d > 2). For example, instead of a conservation law in §2.2, our closest analogs in R3
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[23, Theorem 1.1] will be the following inequality for every level set Σϕ in 3-exDc (strict unless ∂Ω is a
sphere): ∮
Σϕ
4[H2(r)−K(r)]− |n×∇ log |∇U(r)||2
|∇U(r)| dS ≥ 0, (4.1)
and following inequality for every level set Σϕ in 3-inDc (strict unless ∂Ω is a sphere centered at the
origin): ∮
Σϕ
4[H2(r)−K(r)]− |n×∇ log |∇G∂ΩD (0, r)||2
|∇G∂ΩD (0, r)|
dS ≤ 0. (4.2)
Here, the mean curvature and the Gaussian curvature are denoted by H and K respectively, while dS is
the surface measure.
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